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ON THE UNICITY OF TYPES FOR TORAL SUPERCUSPIDAL
REPRESENTATIONS
PETER LATHAM AND MONICA NEVINS
Abstract. For tame arbitrary-length toral, also called positive regular, supercus-
pidal representations of a simply connected and semisimple p-adic group G, con-
structed as per Adler-Yu, we determine which components of their restriction to
a maximal compact subgroup are types. We give conditions under which there is
a unique such component, and then present a class of examples for which there is
not, disproving the strong version of the conjecture of unicity of types on maximal
compact open subgroups. We restate the unicity conjecture, and prove it holds
for the groups and representations under consideration under a mild condition on
depth.
1. Introduction
Let G be a connected reductive p-adic group. In [2], J. Bernstein gives a de-
composition of the category of smooth representations of G into indecomposable full
subcategories, called blocks, that are indexed by the inertial support of the irreducible
representations they contain. Given an irreducible supercuspidal representation π of
G, a type for π is a pair (K, λ) consisting of an irreducible representation λ of a com-
pact open subgroup K of G such that IndGKλ is a projective generator of the block
containing π. In this case, λ occurs as a subrepresentation of π|K and we say π con-
tains the type (K, λ). Types are now known to exist for many classes of supercuspidal
representations. In particular, the work of J. Adler [1], generalized by J.K. Yu [23],
shows that every essentially tame supercuspidal representation contains a type; the
work of J.-L. Kim [10] assures us that if the residual characteristic p is sufficiently
large, then all supercuspidal representations of G are of this form.
Given a supercuspidal representation π of G containing a type (K, λ), it is simple to
produce additional types: any G-conjugate of (K, λ) is a type, as is any pair (K ′, τ)
where K ′ is a compact open subgroup of G containing K and τ is an irreducible
representation of K ′ that contains λ upon restriction to K. A natural question to
ask is whether π can contain any additional types, specifically on maximal compact
open subgroups, that are not related to (K, λ) in this way. It is expected that this
should never happen, and the conjecture that this is the case is known as the unicity
of types. The name is due to V. Pas˘ku¯nas [20], whose thesis extended G. Henniart’s
appendix “Sur l’unicite´ des types pour GL2” of the article [3]. The goal of this
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paper is to establish the unicity of types for a class of essentially tame supercuspidal
representations which we call toral, defined below.
The unicity conjecture is a theorem for G = GLn(F ) [20], G = SL2(F ) [11], for
essentially tame representations of G = SLn(F ) [13], and for depth-zero supercuspidal
representations of any connected reductive p-adic group G [12]. In each of these cases,
it was seen that a stronger property holds, namely, that if K ⊂ G is any maximal
compact open subgroup, then there exists, up to G-conjugacy, at most one type
defined on K for each supercuspidal representation π of G. We will refer to this
as the strong unicity property. While strong unicity implies unicity, in Section 8 we
provide counterexamples to prove that they are in fact inequivalent in general.
From now on, let us specialize to the case that G is a simply connected semisimple
p-adic group. Essentially tame supercuspidal representations are constructed from
sequences of twisted Levi subgroups that split over a tamely ramified Galois extension,
together with characters of these subgroups and a representation of the smallest
twisted Levi subgroup. We restrict our attention here to those sequences for which the
smallest twisted Levi subgroup is an anisotropic (also called elliptic) maximal torus
of G. For the purposes of this paper we call these toral supercuspidal representations,
though we caution the reader that some authors reserve “toral” to mean the more
restrictive case that the twisted Levi sequence has length d = 1. Relating to work of
T. Kaletha [9], F. Murnaghan calls our representations “positive regular” (as justified
in [17]).
The strategy for proving the unicity conjecture for supercuspidal representations of
G is as follows. Let π be an essentially tame supercuspidal representation and (K, κ)
a type as arising from the above construction. Since G is semisimple and simply
connected, we have both that c-IndG
K
κ is irreducible (hence equivalent to π) and that
every maximal compact open subgroup of G is the stabilizer Gy of a vertex y in the
Bruhat-Tits building of G. Thus for any such Gy containing K, it follows directly
that we have an induced type (Gy, Ind
Gy
K
κ).
The conjecture of unicity of types therefore amounts to the statement that, up
to G-conjugacy, all types for π on a maximal compact open subgroup arise in this
way. Strong unicity is the statement that furthermore any two types for π on Gy are
conjugate by an element of NG(Gy); this is equivalent to the statement that (K, κ) is
not contained two distinct but conjugate maximal compact open subgroups.
The restriction of π to a maximal compact open subgroup Gy decomposes as an
infinite direct sum of irreducible representations of Gy. Describing these branching
rules is a difficult open problem of interest in its own right. Here, it suffices to note
that with G as above, the Bernstein block corresponding to π is generated by π.
Therefore the types of π supported on Gy are exactly those irreducible components of
π|Gy that do not occur in π′|Gy for any other (inequivalent) irreducible representation
π′ of G. Proving this, in turn, is made possible by the major work of J. Hakim
and F. Murnaghan [7] which establishes the equivalences among essentially tame
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supercuspidal representations entirely in terms of the Adler-Yu data used to construct
them.
To state our main result (Theorem 7.3), let T be an anisotropic maximal torus of
G and let BT denote the fixed point set of T acting on the Bruhat-Tits building B(G)
of G. This set contains in particular a point x which is the image of the building of
T in the building of G. Let cT ≥ 0 be the simplicial radius of BT , relative to x, as
defined in Section 5.
Theorem. Let T be a tame elliptic maximal torus of G and suppose π is a super-
cuspidal representation of G built from a datum containing T . If the character φ0
of T appearing in the datum has depth greater than 2cT , then π satisfies the unicity
conjecture relative to any maximal compact open subgroup of G. Moreover, in this
case, π satisfies the strong unicity property if and only if BT consists precisely of the
closure of a single facet in B(G).
We note that the theorem holds without any hypothesis on the depth of φ0 when
T is unramified ; see Corollary 7.4.
An essential ingredient of the proof is the analysis of the fixed points of B(G) under
the action of both the torus T , and of the inducing subgroup K, using particularly
Lemma 5.1. As we discuss in Section 8, while the hypothesis for strong unicity (for
example, that BT = {x}) holds in many cases (notably, for G = SLn, for unramified
tori, and for purely ramified Coxeter tori), it fails for many classes of anisotropic tori
in general. In these cases, the number of inequivalent types of the form (Gy, λ) can
grow arbitrarily large as the rank of G increases; see Example 8.4.
This paper is organized as follows. We establish our notation in Section 2, including
particularly of the building B(G) and of Moy-Prasad filtration subgroups, and recall
the definition of the essentially tame toral supercuspidal representations we study
in Section 3. In Section 4 we prove a proposition about the inequivalence of toral
supercuspidal representations under certain twists, based on [7, Cor 6.10] (recalled
here as Lemma 4.1) and some results of F. Murnaghan in [16]. In Section 5 we
establish a key result relating Moy-Prasad filtration subgroups to stabilizers of subsets
of an apartment, generalizing a proposition in [19], and we define the notion of the
simplicial radius of a bounded subset of B(G). In Section 6 we recall the Mackey
decomposition of π|Gy for a vertex y and prove two general results about components
that can contain types. Our main results on unicity are proven in Section 7. We
discuss the success and failure of strong unicity, and provide examples where it fails,
in Section 8.
Several interesting problems remain open. The hypothesis on the depth of the
character of T given in the statement of Theorem 7.3 arises as a result of our method
of proof. There is no such restriction for the unicity theorems on G = GLn or
on G = SLn, where a different argument (particular to type A) was employed by
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V. Pas˘ku¯nas to address the small-depth case. Finally, not all essentially tame super-
cuspidal representations arise from toral data; the consideration of general twisted
Levi sequences is necessary to completely resolve the unicity conjecture in these cases.
Acknowledgements. The second author warmly thanks Anne-Marie Aubert, Man-
ish Mishra, Alan Roche and Steven Spallone for the invitation to the excellent confer-
ence Representation theory of p-adic groups at IISER Pune, India. The stimulating
environment of the workshop contributed significantly to this article; in particular,
fellow participant Jeff Adler provided invaluable insight into tori and buildings, and
he offered up the torus of Example 8.2.
2. Notation
Let F be a nonarchimedean local field of residual characteristic p, with integer ring
O and maximal ideal p. We normalize the valuation ν on F so that ν(F×) = Z; if
E is an extension field of F then we also denote by ν the unique extension of this
valuation to E. Fix an additive character Λ of F that is nontrivial on O but trivial
on p. If H ⊂ G are groups and g ∈ G, let gH = {ghg−1 | h ∈ H} and for any
representation τ of H let gτ denote the corresponding representation of gH . If σ is a
representation of G we write ResHσ for its restriction to H .
Let G be a semisimple simply connected linear algebraic group defined over F and
let G = G(F ). Let B(G) = B(G, F ) denote the reduced building of G over F ; since
G is semisimple it coincides with the enlarged building. Since G is simply connected,
the stabilizer of a point x in the building, Gx, coincides with the parahoric subgroup
Gx,0 associated to the facet containing x. Both hypotheses together imply that the
maximal compact open subgroups of G are exactly the maximal parahoric subgroups
of G, that is, Gy for each vertex y of the building.
Let S be a maximal F -split torus in G defined over F . Fix a maximal unramified
extension F un of F , and let S′ be a maximal F un-split torus of G defined over F
and containing S. Let Z be the centralizer of S′ in G, which is a maximal torus of
G defined over F . Denote by Φ = Φ(G,S) the root system of G relative to S and
by A = A(S, F ) the apartment of B(G, F ) corresponding to S. Let ΨΦ be the set
of affine roots, corresponding to our choice of valuation ν; these are functions on A.
Denote the root subgroup of G corresponding to α ∈ Φ by Gα. For α ∈ Φ we set
Gα = Gα(F ); this group admits a filtration by compact open subgroups Gψ, as ψ
runs over the affine roots with gradient ψ˙ = α. For more details, see [5, §4] or the
careful exposition in [6, §2].
Let S = S(F ), S ′ = S′(F ) and Z = Z(F ). Let Zb be the maximal bounded
subgroup of Z. Recall that any torus T = T(F ) admits a natural filtration by
subgroups Tr for r ≥ 0, and its Lie algebra t is filtered by lattices tr for r ∈ R. In
particular, Z admits a natural filtration by subgroups Zr for r ≥ 0, with Z0 ⊆ Zb.
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For any x ∈ A and r ≥ 0, A. Moy and G. Prasad [15] defined Gα,x,r = 〈Gψ | ψ(x) ≥
r, ψ˙ = α〉 and thus filtration subgroups
Gx,r = 〈Zr, Gα,x,r | α ∈ Φ〉
of Gx. We set Gx,r+ = ∪s>rGx,s. They similarly defined lattices gx,r in g = Lie(G)(F )
and g∗x,r in g
∗, indexed by r ∈ R. Conjugation by G allows us to extend these
definitions to any x ∈ B(G).
We say that a group G′ (or its set of F -points G′ = G′(F )) is a twisted Levi
subgroup of G if there is an extension E of F such that G′ is an E-Levi subgroup
of G defined over F . We say G′ is tamely ramified if G′ (and thus G) splits over a
tamely ramified extension.
Suppose now that G′ is a (tamely ramified) twisted Levi subgroup of G and let T
be a maximal torus of G′; let E be a tamely ramified splitting field of T over F . Let
g′ denote the F -points of Lie(G′), and denote by z′∗ the F -points of the dual of the
center of Lie(G′).
Let r > 0. Following [7, Definition 3.7], an element X∗ ∈ z′∗−r is called G-generic
of depth −r if it satisfies the conditions GE1 and GE2 of [23, §8]. By [23, Lemma
8.1], if p is not a torsion prime for the root datum (in the sense of [21]) of (G,T),
then these conditions reduce to the requirement that ν(〈X∗, Ha〉) = −r, for each
a ∈ Φ(G,T) \ Φ(G′,T), where Ha ∈ Lie(G)(E) is the coroot associated to a.
Fix also a Moy-Prasad isomorphism [7, §2.6]
e : G′x,r/G
′
x,r+ → g′x,r/g′x,r+.
A character φ of G′ of depth r is said to be realized by an element X∗ ∈ z′∗−r on G′x,r
if for every Y ∈ g′x,r,
φ(e(Y + g′x,r+)) = Λ(〈X∗, Y 〉).
By [7, Definition 3.9], φ is G-generic (relative to x) of depth r > 0 if φ is trivial on
G′x,r+, nontrivial on G
′
x,r, and is realized on G
′
x,r by an element X
∗ ∈ z′∗−r that is
G-generic of depth −r. A particular consequence of the G-genericity of a character
φ of G′ is that for any g ∈ G, we have that gφ and φ coincide on G′x,r if and only if
g ∈ G′ [23, Lemma 8.3].
3. The construction of toral supercuspidal representations
Fix G semisimple and simply connected, and retain all the notation above. Follow-
ing [23, §3] and [7, §3.1], we define a positive-depth generic toral supercuspidal datum
of length d of G (hereafter: toral supercuspidal datum) to be a pair ( ~G, ~φ), where
• ~G = (G0 ( G1 ( · · · ( Gd = G), for some d ≥ 1, is a sequence of tamely
ramified twisted Levi subgroups, such that in particular G0 = T an anisotropic
maximal torus in G;
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• ~φ = (φ0, φ1, . . . , φd−1) where φi is a Gi+1-generic character of Gi of depth ri,
and these real numbers satisfy 0 < r0 < r1 < · · · < rd−1.
For convenience we write si = ri/2 for each i = 0, . . . , d− 1. Given a tamely ramified
twisted Levi subgroup G′ of G that is defined over F , one may embed B(G′, F ) into
B(G, F ) with canonical image. Since T is anisotropic, the image of B(T ) in B(G)
consists of a single point x, and it is this point relative to which the characters φi are
Gi+1-generic. Thus a toral supercuspidal datum implies the datum ( ~G, ~φ, d, ~r, ~s, x),
and we will take this extra data for granted where there is no possibility of confusion.
Let Ψ = ( ~G, ~φ) be a toral supercuspidal datum. Set K0 = G0x = T . For each
1 ≤ i ≤ d define
K
i := G0xG
1
x,s0 · · ·Gix,si−1 ⊆ TGx,s0 ⊆ Gx.
The groups in these products have large pairwise intersections, so we next define
subgroups Ji and Ji+ which will have the property that K
i
J
i+1 = Ki+1 and Ki ∩ Ji+1 =
K
i ∩ Ji+1+ = Gix,ri.
Let E be a tamely ramified Galois extension of F over which T splits. For each
0 ≤ i ≤ d, let Φi = Φ(Gi,T) be the corresponding root system. For 0 ≤ i < d let
J(E)i+1 be the group generated by T(E)ri together with the root subgroups Ga(E)x,ri
for a ∈ Φi and Gb(E)x,si for b ∈ Φi+1 \ Φi. Similarly, let
J(E)i+1+ = 〈T(E)ri,Ga(E)x,ri,Gb(E)x,si+ | a ∈ Φi, b ∈ Φi+1 \ Φi〉.
These subgroups ofGi+1(E) are invariant under Gal(E/F ) and we set Ji+1 = J(E)i+1∩
Gi+1, Ji+1+ = J(E)
i+1
+ ∩Gi+1.
Next for each 0 ≤ i < d, the subdatum ((Gi, Gi+1), φi) is used to construct a
representation φ′i of K
i+1. The first step is to extend the restriction of φi to G
i
x,ri
trivially to a character φˆi of J
i+1
+ [23, §4]. Next, when Ji+1+ = Ji+1, define a character
φ′i of K
i+1 by
(3.1) φ′i(kj) = φi(k)φˆi(j),
for each k ∈ Ki, j ∈ Ji+1. On the other hand, when Ji+1+ 6= Ji+1, then instead one uses
φˆi to construct a Heisenberg-Weil representation ω of K
i ⋉ Ji+1, and then define the
representation φ′i on k ∈ Ki, j ∈ Ji+1 by
(3.2) φ′i(kj) = φi(k)ω(k, j).
Now set K = Kd. There is a well-defined inflation process extending each φ′i trivially
across the remaining subgroups to give a representation of K, which we denote κi =
infK
Ki+1
φ′i [7, §3.4]. Note that this representation κi is independent of any other
characters φj, j 6= i, in the datum [7, Proposition 3.26].
Putting these together, we obtain a representation κ(Ψ) = κ0 ⊗ · · · ⊗ κd−1 of K
such that π(Ψ) = c-IndG
K
κ(Ψ) is an irreducible supercuspidal representation of G of
depth r = rd−1 [23, Theorem 15.1]. It then follows that (K, κ(Ψ)) is a type for π(Ψ).
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4. Results on equivalence
We begin by noting when two toral supercuspidal data give rise to equivalent
representations, from [7, Cor 6.10].
Lemma 4.1 (Hakim-Murnaghan). Let Ψ = ( ~G, ~φ) and Ψ˙ = ( ~˙G, ~˙φ) be two toral
supercuspidal data. Then π(Ψ) ∼= π(Ψ˙) if and only if there exists some g ∈ G such that
G0 = gG˙0 and ResG0(φ0φ1 · · ·φd−1) = ResG0g(φ˙0φ˙1 · · · φ˙d−1). In this case, Gi = gG˙i
for all i ≥ 0.
Now suppose Ψ = ( ~G, ~φ) is a toral supercuspidal datum of length d with T = G0.
Let ξ be a character of T of depth strictly less than r0. The G
1-genericity of the
character φ0 of G
0 of depth r0 depends only on ResG0x,r0φ. Since ξφ0 and φ0 coincide
on G0x,r0, we conclude that ξφ0 is also a G
1-generic character of G0 of depth r0. Thus
Ψξ = ( ~G, (ξφ0, φ1, . . . , φd−1))
is another toral supercuspidal datum.
Lemma 4.2. The character ξ inflates to a character ξ of K such that
κ(Ψξ) = ξ κ(Ψ).
Proof. Since ξ is a character of T = G0 = K0 of depth less than r0, it is trivial on
G0x,r0. Since K
1 = K0J1 and K0∩ J1 = G0x,r0, ξ may be uniquely inflated to a character
ξ′ = infK
1
K0
ξ of K1 that is trivial on J1. In particular, for any k ∈ K0, j ∈ J1, we have
ξ′(kj) = ξ(k).
Since φ0 and ξφ0 coincide on G
0
x,r0
, we may denote the extension to J1+ of their
common restriction by φˆ0 and, if applicable, the corresponding Heisenberg-Weil rep-
resentation of K0 ⋉ J1 by ω. Using now (3.1) and (3.2), as applicable, to construct
(ξφ0)
′ and φ′0, we deduce that in both cases (ξφ0)
′ = ξ′φ′0.
Set ξ = infK
K1
ξ′; then infK
K1
ξ′φ′0 = ξκ0. Since for i > 0, κi depends only on the
character φi, we conclude that ξ factors out of the tensor product to yield κ(Ψξ) =
ξκ(Ψ), as desired. 
Proposition 4.3. Let Ψ = ( ~G, ~φ) be a toral supercuspidal datum and suppose ξ is a
character of T = G0 of depth less than that of φ0. If Ψξ = ( ~G, (ξφ0, φ1, . . . , φd−1)),
then π(Ψξ) is an irreducible supercuspidal representation of G and it is equivalent to
π(Ψ) if and only if ξ is trivial.
Proof. Suppose that π(Ψ) ∼= π(Ψξ). In the setting of Lemma 4.1, this means there
is some g ∈ NG(T ) such that ResT (φ0φ1 · · ·φd−1) = ResT g(ξφ0φ1 · · ·φd−1). Then
g(ξφ0)
gφ1 · · · gφd−1 is a refactorization of φ0 · · ·φd−1, in the sense of [16, Definition
5.3], and so by [16, Proposition 5.4], for each i > 0,
∏d
j=i φj and
∏d
j=i
gφj coincide
on Gix,ri−1+. The genericity of the characters φj recursively implies, as in the proof
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of [16, Proposition 5.6], that g ∈ G1, and so gφi = φi for all i ≥ 1. Therefore our
equality reduces to ResTr0φ0 = ResTr0
g(ξφ0) = ResTr0
gφ0, whence g ∈ T by genericity.
Returning to the first equality we conclude that ξ is the trivial character of T . 
5. Stabilizers
Let S, Z,A = A(S),Φ be as in Section 2. Given a subset Ω ⊆ A, the subgroup of
G that fixes Ω pointwise is generated by Zb (the maximal bounded subgroup of the
maximal torus Z) and those Gψ satisfying ψ(z) ≥ 0 for each z ∈ Ω [4, §6.4]. For
x, y ∈ A we write [x, y] for the geodesic from x to y; then G[x,y] = Gx ∩Gy.
The following result is a generalization of [19, Prop 3.3], and it allows us to re-
late Moy-Prasad filtration subgroups at x to stabilizers of its neighbourhoods in any
apartment A containing x. Note that A is the affine space under X∗(S)⊗Z R. Given
two points x, z ∈ A, we identify z−x with a vector in X∗(S)⊗ZR, and then for each
α ∈ Φ, α(z − x) is a well-defined real number.
Lemma 5.1. Let A = A(S, F ) be an apartment in B(G, F ) containing x and let
Φ = Φ(G,S) be the corresponding root system. Let s ≥ 0 and define
ΩA(x, s) = {z ∈ A | ∀α ∈ Φ, α(z − x) ≤ s}.
Then Gx,s ⊆ GΩA(x,s) = GΩA(x,s), where ΩA(x, s) denotes the simplicial closure of
ΩA(x, s) in A.
Proof. That GΩA(x,s) = GΩA(x,s) follows from [4, 2.4.13], since G is semisimple and
simply connected. Let z ∈ ΩA(x, s). For each affine root ψ such that ψ(x) ≥ s, let
α denote its gradient. Then ψ(x) − ψ(z) = α(x − z) ≤ s so ψ(z) ≥ ψ(x) − s ≥ 0.
Thus for all affine roots ψ, if Gψ ⊂ Gx,s then Gψ ⊂ GΩA(x,s). Since also Zs ⊆ Zb, we
conclude Gx,s ⊆ GΩA(x,s). 
More generally, we may define
Ω(x, s) =
⋃
A∋x
ΩA(x, s)
which is the union over all apartments of B(G) containing x. By local compactness,
this is reduced to a finite union. Let Ω(x, s) denote its simplicial closure.
Definition 5.2. Let Ω ⊂ B(G) be a bounded convex set and suppose x ∈ Ω. For
each apartment A = A(S, F ) containing x define
r(Ω,A, x) = sup{α(z − x) | z ∈ Ω ∩ A, α ∈ Φ(G,S)}.
Then the simplicial radius of Ω with respect to x is defined to be
c(Ω, x) = sup{r(Ω,A, x) | x ∈ A}.
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As one motivating example, note that the simplicial radius of Ω(x, s) with respect
to x is c(Ω(x, s), x) = s. For another, letting {x} denote the simplicial closure of {x}
in B(G), we have c({x}, x) < 1 since {x} is constrained between adjacent affine root
hyperplanes in any apartment containing x. Note that in each of these examples we
have the equality c(Ω, x) = r(Ω,A, x) for each apartment A containing x.
One can be slightly more precise about c({x}, x) when x arises as the point identified
with B(T ) from a datum Ψ. In this case, x is an optimal point of B(G), in the sense of
[15, §6.1], whence the family of such values cx = c({x}, x) could be computed for any
G. For example, if G = SLn(F ), then the optimal points are among the barycentres
of the facets, whence if x lies in a k-dimensional facet F then cx = 1− 1k .
6. Mackey decomposition and strategies for identifying types
Let y be a vertex of B(G) and Gy the corresponding maximal compact open sub-
group of G. Let Ψ = ( ~G, ~φ) be a toral supercuspidal datum with T = G0 and let
π = π(Ψ). We are interested in the irreducible representations of Gy occurring in
ResGyπ.
Mackey theory gives a decomposition
ResGyπ
∼=
⊕
g∈Gy\G/K
Ind
Gy
Gy∩gK
gκ,
where each Mackey component τ(g) := Ind
Gy
Gy∩gK
gκ is a finite-dimensional representa-
tion of Gy. Note that since Gy = NG(Gy), the Mackey components are parametrized
by a subset of the G-orbit of the vertex y in B(G). We emphasize that these Mackey
components are not, in general, irreducible; a first strategy for identifying those that
contain types is the following.
Proposition 6.1. If K ⊆ Gg−1y then (Gy, τ(g)) is a type for π.
Proof. Consider instead the twisted Mackey component
g−1τ(g) = g
−1
(Ind
Gy
Gy∩gK
gκ) ∼= IndGg−1yG
g−1y
∩Kκ
which is a representation of Gg−1y. If K ⊆ Gg−1y, then g−1τ(g) ∼= IndGg−1yK κ. By the
transitivity of compact induction, c-IndGG
g−1y
τ ′ = π, whence by Frobenius reciprocity
(Gg−1y,
g−1τ(g)) is a type for π, and the result follows. 
On the other hand, the key strategy to discern Mackey components that cannot
contain a type of π is the following.
Theorem 6.2. Given y,Ψ, g as above, suppose that there exists a nontrivial character
ξ of T of depth less than r0 such that its inflation ξ to K is trivial on K∩Gg−1y. Then
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no irreducible subrepresentation of the Mackey component
Ind
Gy
Gy∩gK
gκ(Ψ)
is a type.
Proof. The twisted Mackey component g
−1
τ(g) depends only ResG
g−1y
∩Kκ(Ψ). By
Lemma 4.2, κ(Ψξ) = ξκ(Ψ); by hypothesis ResG
g−1y
∩Kξ is trivial. Thus Ind
Gy
Gy∩gK
gκ(Ψ)
is a common component of both π(Ψ) and π(Ψξ). By Proposition 4.3, π(Ψ) 6∼= π(Ψξ).
Since these are inequivalent irreducible supercuspidal representations, they have dis-
tinct inertial support, and thus no irreducible representation of Gy occurring in
Ind
Gy
Gy∩gK
gκ(Ψ) can be a type. 
7. Unicity results
We first identify the obvious types occurring in ResGyπ.
Lemma 7.1. Suppose y is a vertex of the facet containing x. Then (Gy, τ(1)) is a
type.
Proof. Let F be the facet containing x. We have K ⊆ Gx. Since y ∈ F by hypothesis,
Gx ⊆ Gy. This implies that K ⊆ Gy, whence the first statement by Proposition 6.1.

Now, continuing with the notation of the previous section, we identify g ∈ G for
which the associated Mackey components do not contain types.
Proposition 7.2. Let g ∈ G. Suppose that there exists z ∈ [x, g−1y] ∩ Ω(x, s0) such
that T 6⊆ Gz. Then no irreducible subrepresentation of τ(g) is a type.
Proof. Let A be an apartment of B(G) containing x and g−1y; then A contains the
geodesic [x, g−1y]. Let z ∈ [x, g−1y]∩ΩA(x, s0) as in the proposition. Since z is on the
line [x, g−1y], whose pointwise stabilizer is Gx∩Gg−1y, we have that Gx∩Gg−1y ⊆ Gz.
At the same time, Lemma 5.1 implies that Gx,s0 ⊆ GΩA(x,s0) ⊆ Gz. Thus
K ∩Gg−1y ⊆ TGx,s0 ∩Gx ∩Gg−1y ⊆ TGx,s0 ∩Gz = (T ∩Gz)Gx,s0.
Noting that Ts0 ⊆ T ∩Gz, we deduce that any character of T that is trivial on T ∩Gz
has depth strictly less than s0.
By hypothesis T ∩Gz ( T ; so let ξ be a nontrivial character of T that is trivial on
T ∩Gz. Since its depth is less than s0, its inflation ξ is trivial on (T ∩Gz)Gx,s0. We
deduce that ξ satisfies the hypotheses of Theorem 6.2, whence the result. 
Let
BT = {z ∈ B(G) | T ⊆ Gz}
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be the set of fixed points of T acting on B(G). This is a convex subset of B(G)
containing x, and it is compact since T is an anisotropic maximal torus. Let cT
denote the simplicial radius of BT with respect to x, as per Definition 5.2.
Now let A be an apartment containing x. The hypothesis of Proposition 7.2 will be
satisfied for all g−1y ∈ A if AT = A∩BT is contained in the interior of the simplicial
closure ΩA(x, s0) of ΩA(x, s0). In particular this holds if s0 > cT ≥ r(BT ,A, x).
Putting these geometric ideas together yields our main theorem.
Theorem 7.3. Let T be a tamely ramified anisotropic maximal torus of G and let
s0 > cT . Let Ψ = ( ~G, ~φ) be any toral supercuspidal datum such that G
0 = T and
such that the depth of φ0 is at least 2s0. Then π(Ψ) satisfies the conjecture of unicity
of types relative to any maximal compact open subgroup of G. If moreover BT is the
closure of a single facet of B(G) then π(Ψ) has the property of strong unicity.
Proof. Let g ∈ Gy\G/K. Suppose first that g−1y ∈ BT , so that T ⊆ Gg−1y. Since
s0 > cT , we have g
−1y ∈ Ω(x, s0) so Gx,s0 ⊆ Gg−1y as well. Thus K ⊆ TGx,s0 ⊆ Gg−1y
and by the same argument as Lemma 7.1, we conclude that (Gy, τ(g)) is a type for
π.
Now suppose that g−1y /∈ BT , so that T 6⊂ Gg−1y. Since s0 > cT , Ω(x, s0) contains
an open neighbourhood of BT , so the line [x, g−1y] must meet Ω(x, s0)\BT in at least
one point z. Using now Proposition 7.2, we conclude that the corresponding Mackey
component contains no types for π(Ψ).
Finally, we note that if BT = F for a facet F ⊂ B(G), then since G is semisimple
simply connected, each orbit of a vertex y in B(G) meets BT at most once. By the
above arguments, this implies strong unicity. 
By [22, 3.6.1], if T is an anisotropic maximal torus which splits over an unramified
extension, then BT consists of a single vertex, namely {x}, whence cT = 0. Since
all our toral supercuspidal representations have positive depth, we have the following
immediate corollary.
Corollary 7.4. Let T be an unramified anisotropic maximal torus of G. Let Ψ =
( ~G, ~φ) be any toral supercuspidal datum such that G0 = T . Then π(Ψ) satisfies strong
unicity of types relative to any maximal compact open subgroup of G.
8. The inequivalence of unicity and strong unicity
Recall that strong unicity of types is the statement that ResKπ should contain at
most one type, for each choice of maximal compact open subgroup K. We have the
following converse to the strong unicity statement in Theorem 7.3. Note that this
result is without a condition on depth.
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Lemma 8.1. Let T be a tamely ramified anisotropic maximal torus. If BT contains
two distinct but G-conjugate vertices y and y′ of alcoves whose closure contain x, then
for any toral supercuspidal datum Ψ = ( ~G, ~φ) such that G0 = T , the strong unicity
property fails to hold for π(Ψ), that is, there exist at least two nonisomorphic types
in ResGyπ(Ψ).
Proof. Let x ∈ B(T ) ⊆ B(G) and set π = π(Ψ). Let y 6= y′ be G-conjugate vertices of
two distinct alcoves C, C′ of B(G) such that x ∈ C ∩ C′. Then for any s0 > 0, we have
that y, y′ ∈ Ω(x, s0). Let g ∈ G be such that y′ = g−1y. If both y and g−1y lie in BT ,
then by the proof of Theorem 7.3, we conclude that both (Gy, τ(1)) and (Gy, τ(g))
are types for π occurring in ResGyπ. Note that although these types are induced from
the G-conjugate types (K, κ) and (gK, gκ), they are not themselves G-conjugate since
g /∈ NG(Gy) = Gy. Neither are these types isomorphic, since π ∼= c-IndGGyτ(1) implies
C ∼= HomG(π, π) ∼= HomGy(τ(1),ResGyπ)
by Frobenius reciprocity. 
We next prove the existence of pairs (G, T ) satisfying the hypotheses of Lemma 8.1
with an example such that G has rank 2. We thank Jeff Adler for providing this
instructive example of a torus that stabilizes more than the closure of a single facet.
Example 8.2. Consider G = Sp4(F ), given in matrix form relative to J =
[
0 I
−I 0
] ∈
M4(F ) as the set
G = {g ∈ GL4(F ) | tgJg = J}
where tg denotes the transpose. Note that G contains a generalized Levi subgroup
G′ isomorphic to SL2(F )× SL2(F ), defined by the long roots.
Let ̟ be a uniformizer of F . For i = 1, 2, we choose an anisotropic torus Ti of
SL2(F ) that isomorphic to the norm-one elements of some quadratic ramified exten-
sion Ei = F [
√
γi̟] with ν(γi) = 0. Let T = T1×T2 be the corresponding anisotropic
torus of G′; explicitly we embed T into G as the subgroup
T =




a 0 b 0
0 c 0 d
bγ1̟ 0 a 0
0 dγ2̟ 0 c


∣∣∣∣∣∣∣∣
a, b, c, d ∈ O,
a2 − b2γ1̟ = 1,
c2 − d2γ2̟ = 1


.
For each i, the point in the building B(SL2, F ) corresponding to Ti is the midpoint of
the fundamental alcove. Thus the point x representing B(T ) ⊂ B(G) is the midpoint
of the diagonal facet F in the closure of the fundamental alcove C in the standard
apartment A of B(G), as illustrated in Figure 8.1. Evidently F ⊆ AT .
Let us now prove that AT 6= F . Let y denote the (non-special) vertex of C opposite
F , and w ∈ G a reflection in the wall of A containing F (viewed as a representative
of the corresponding element of the affine Weyl group). Adopting the convention that
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x
y
wy
C
wC
F
Figure 8.1. A portion of the standard apartment A of Sp4(F ), iden-
tifying an alcove C, the point x that is the image of B(T ) in B(G), the
facet F containing x and the vertex y of C not in F . The images of y
and of C under a reflection w in the Weyl group are also indicated. The
subset AT of A fixed by T is the closed region shaded in gray. For sake
of example, the set ΩA(x, s0), with s0 =
1
10
, is indicated with a dotted
line; its closure is AT .
a matrix ring stands for its intersection with Sp4(F ), we compute directly that
(8.1) GC =


O O O O
p O O O
p p O p
p p O O

 and GwC =


O p O O
O O O O
p p O O
p p p O

 ,
each of which contains T as a subgroup. It therefore follows that {y, wy} ⊂ C ∪wC ⊆
AT , even though neither y nor wy lie in F . Applying now Lemma 8.1, we deduce
that strong unicity fails for any supercuspidal representation π(Ψ) constructed from
G0 = T . 
Remark 8.3. In the setting of the preceding example, we can conclude slightly more.
First note that if z ∈ A and T ⊆ Gz, then for each positive long root α, we must
have 0 ≤ α(z) ≤ 1. It follows that AT = C ∪wC, as indicated in Figure 8.1. We claim
that in fact BT = AT .
Since Gx ∩Gy = GC, the orbit of y is parametrized by the set Gx/GC ≃ GL2(O)/I,
where I denotes its Iwahori subgroup. A set of representatives is

a =


1 a
0 1
1 0
−a 1

 , w =


0 1
−1 0
0 1
−1 0


∣∣∣∣∣∣∣∣
a ∈ O/p


.
One can verify directly that for each a ∈ O×, aT 6⊆ Gy. Thus since the fixed point set
BT is closed and convex but contains no vertices of chambers adjacent to x outside of
A, we conclude that BT = C ∪ wC = AT , which is contained entirely in the standard
apartment. Therefore we can compute the simplicial radius of BT with respect to x,
yielding cT =
1
2
.
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We had see that τ(1) and τ(w) gave types. For a ∈ O×, since the choice z = a−1y
satisfies the hypotheses of Proposition 7.2 for any s0 > 0, we deduce that the corre-
sponding Mackey components τ(a) do not contain types. For the remaining Mackey
components, g−1y is not in the closure of an alcove adjacent to x, and Theorem 7.3
implies that if s0 > cT =
1
2
, any corresponding toral supercuspidal representation
contains exactly the two types on Gy identified above.
Example 8.2 generalizes immediately, to give families of supercuspidal representa-
tions for which the number of distinct types supported on a given non-special maximal
compact subgroup grows exponentially with the rank of G.
Example 8.4. Let n ≥ 2 and consider the subgroup G′ ∼= SL2(F )n of G = Sp2n(F )
generated by the root subgroups corresponding to long roots. To allow us to be
explicit, let the roots of Sp2n with respect to the diagonal torus S be the set Φ =
{εi ± εj,±2εi | 1 ≤ i 6= j ≤ n}, with simple system ∆ = {εi − εi+1, 2εn | 1 ≤ i < n}.
With respect to the basis {e1, . . . , en} of X∗(S)⊗ZR (whose affine space is A), dual to
{ε1, . . . , εn}, the vertices of the fundamental alcove C are vi =
∑i
j=1
1
2
ej , for 0 ≤ i ≤ n.
Let W = WG denote the Weyl group of G relative to S.
In SL2(F ), there are two conjugacy classes of unramified anisotropic tori, attached
to the distinct conjugacy classes of vertices in B(SL2, F ). There are between 2 and 4
conjugacy classes of ramified anisotropic tori, attached to the midpoint of facets; see
[18], for example. With respect to the coordinates above, the roots of each SL2(F )
subgroup are ±2εi, and thus up to conjugacy we can arrange that the vertices have
ei-coordinates in {0, 12}, whereas the midpoints have ei-coordinate 14 .
Let each of T1, . . . , Tn represent an anisotropic torus of SL2(F ), ordered so that:
for 1 ≤ i ≤ m, Ti is unramified and attached to 12 ; for m + 1 ≤ i ≤ m + ℓ, Ti is
ramified and attached to 1
4
; and for i > m + ℓ, Ti is again unramified, but attached
to 0. Then T = T1 × · · · × Tn embeds as an anisotropic maximal torus of G, and
{x} = B(T ) ⊆ B(G) has coordinates
x =
m∑
j=1
1
2
ej +
m+ℓ∑
j=m+1
1
4
ej .
This is the midpoint of the 1-dimensional facet F whose closure is the geodesic
[vm, vm+ℓ]. Let Ω = {
∑m
j=1
1
2
ej +
∑m+ℓ
j=m+1 ajej | 0 ≤ aj ≤ 12}; then F ⊆ Ω and
one can verify directly that Ω = {z ∈ A | T ⊆ Gz} = AT using the argument of Re-
mark 8.3. Note that since every maximal facet of Ω has x in its closure, Ω ⊆ ΩA(x, s)
for any s > 0.
Note that F 6= Ω if and only if ℓ > 1. In this case, let WΩ = {w ∈ W | wΩ ⊆ Ω}
and let WΩ = {w ∈ W | ∀z ∈ Ω, wz = z}. The elements of W (T ) := WΩ/WΩ
permute the vertices of Ω. Let G′ = Sp2m × SLℓ2 × Sp2n−2m−2ℓ ⊆ G; then we can
identify W (T ) with WG/WG′ . The vertices of Ω ∩ C are vm, . . . , vm+ℓ. The vertices
vm and vm+ℓ are fixed by each element of W (T ), but the orbit of y = vm+t under
W (T ), for 0 < t < ℓ, contains ( ℓt ) distinct vertices of Ω.
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Let Ψ be any toral supercuspidal datum such that G0 = T , and π = π(Ψ). By the
argument of the proof of Lemma 8.1, for each vertex y = vm+t with 0 < t < ℓ, ResGyπ
contains ( ℓt ) > 1 inequivalent types. 
Remark 8.5. The quadratic tori of Examples 8.2 and 8.4 are the smallest of a broad
class of tori to which the preceding arguments apply. For example, using L. Morris’s
classification of anisotropic maximal principal tori of Sp2n(F ) in [14] one can explicitly
construct products of tori of arbitrary rank, obtaining analogous results. Similar
constructive arguments may be made for groups of type Bn and Dn.
The question of determining the fixed points of an anisotropic maximal torus T
acting on B(G) was partially addressed by F. Hurst in his thesis [8]. Under the
hypotheses that G is simple, connected and split over F (but not of type E7 or E8),
that T splits over a purely tamely ramified cyclic Galois extension, and some mild
assumptions on F , Hurst proves that BT0+ = {x} if and only if T is a Coxeter torus
(in which case x lies in an alcove) [8, Satz 13.14]. For other T , he shows that x lies on
the wall of an alcove. Then it follows that BT0+ contains the closure of the Gx-orbit
of this alcove in B(G), since T0+ ⊆ Gx,0+ ⊆ GC for all alcoves C adjacent to x. (This
is deduced via more explicit arguments in [8, Satz 13.15].)
F. Hurst computes a range of examples in [8, §13], including of particular interest
one in type F4 (labeled 6p6p) where T0+ fixes pointwise an alcove that is not adjacent
to x. Hence, this example may yield a torus T with a more interesting set of fixed
points BT , and consequently be an unusual example to explore.
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